It is shown that a strongly closed algebra of operators which contains a σ -complete Boolean algebra with a cyclic vector and which has a totally-ordered invariant subspace lattice must be reflective.
1. Introduction. We generalize Arveson's density theorem for transitive algebras containing maximal Abelian von Neumann algebras to the Banach space case; in fact we generalize the totally-ordered version of Arveson's result given in [10]. The main tool (Theorem 7) is a characterization of the linear transformations (not necessarily bounded) which commute with the uniformly closed algebra generated by a Boolean algebra of projections with a cyclic vector. This characterization requires several deep results of Bade on Boolean algebras of projections. In what follows X will be a complex Banach space with dual space X* and 28 (X) will be the algebra of all bounded operators on X. A subspace means a closed linear manifold.
Some properties of cyclic Boolean algebras.
Throughout the following 2fo will denote a Boolean algebra of projections on the Banach space X. Recall that 2ft is σ-complete if {E n }"= 0 C2ft implies that 33 contains projections onto Γ\ζ= 0 E n X and onto the closed linear span of {E n X: n = 0,1,2 , }. A vector x 0 E X is cyclic for 2k if the closed linear span of {Ex Q : E E 33} is all of X, and 33 is called cyclic if 33 has a cyclic vector.
The first three lemmas are due to W. G. Bade ([3] 
Proof Let x * be the linear functional associated to x 0 by Lemma 1. Then the measure σ->xtE(σ)y is absolutely continuous with respect to the measure σ-> xtE(σ)x Oj so the Radon-Nikodym Theorem implies there is a Σ-measurable function g such that
for all a, and • Σ; =1 Proof We first show that there is a nonzero F E Sft such that FX CM. We can assume £8 is a spectral measure, by Lemma 3. Let JC 0 be cyclic for 38, pick y Φ 0 in M, and use Lemma 4 to produce a σ n such that E(σ n )y^0.
Then S n y E M (since M is also invariant under the strongly closed algebra generated by 38), so E(σ n )x Q E. M. Since x 0 is cyclic it follows that E(σ n )X CM, so F can be E(σ n ). Now choose a maximal collection {δ α } of disjoint sets such that E(δ a )X CM and E(δ a )^0;
by Lemma 5 this collection is countable. Let E = E(Uδ a ).
Clearly EX CM. Suppose that (/ -E)M/ {0}. Then (/ -E)M is an invariant subspace of 38, so by the first paragraph of this proof there is an F E i with F/ 0 and FX C (I -E)M. Then F = E(δ) for some δ disjoint from U δ α and £(δ)X C M, contradicting the maximality of {δ α }. Hence (/ -E)M = {0}, or M CEX.
3. Unbounded transformations commuting with cyclic Boolean algebras. Let T be a linear transformation with domain 2) (a linear manifold in X) and range a subset of X. We say that T commutes with the bounded operator A on X if A3) C3) and ATx = TAx for all JCE®; T commutes with the collection if of bounded operators if it commutes with each operator in ίf. THEOREM 7 . Let The a densely -defined linear transformation which commutes with the uniformly closed algebra generated by the σ-complete cyclic Boolean algebra 53. Then T is closable, and its closure is a scalar-type spectral operator with the range of its resolution of the identity contained in S8.
Proof By Lemma 3, SS is the range of a spectral measure defined on a or-field Σ. Let x 0 be a cyclic vector for 38 and let x* be the corresponding linear functional given by Lemma 1. Denote the domain of T by 3)\ 3) is invariant under all operators in the uniformly closed algebra generated by 59.
Choose a maximal collection {δ a } of disjoint sets such that E(8 a )x {) E 3) for all a. By Lemma 5 at most countably many of the E(8 a ) are different from 0; re-label them {δ n }, and let Δ = Uδ n ; (if there are no such 8 n , then take Δ = 0).
We claim that
= 0 for all E E 33, or E(Δ)E(σ π ) = 0, so, within a set of measure zero, σ n is contained in the complement of Δ. This contradicts the maximality of {δ n }, so E(Δ)= /.
For each fixed n the Radon-Nikodym Theorem yields a Immeasurable complex-valued function /" such that
and let 3) be the domain of T\ f is a closed scalar-type spectral operator (cf. [8] , p. 2238). We prove that 3) C 3) and T = T\3), and then show that f is the closure of T. For each integer n define a n = (U, π =1 δ ; ) Π {A: |/(A)|^ n}, so that {a n } is an increasing sequence of sets with union Δ. Clearly E(a n )X C % and for any σ E X we have Hence TE(a n ) and TE(a n ) agree on all vectors of the form E{σ)x 0 .
Now fix y £ D we must show that y£S and Ty = Ty. For each m choose a σ m and an R m as in Lemma 4. For each m and n, then,
f£(a n ) = TE(a n ) on all vectors E(σ)x 0 ).
Thus or TE (a n )y = (since E(U^= 1 or n )y = y). Now lim n _ocJE:(α n ) = I and E(a n )XC% so lim n _oo£(α n )y = y, and lim n^o = TE(a n )y = lim n _oo ΓE(α n )y = lim n _oo £'(α n )Ty = Ty. Therefore, y E S and fyj= Ty. Now let T denote the closure of T. Clearly TCT, and we must show equality.
For each n, E{a n )X is contained in the domain of Γ, for E(a n )E(σ)x 0 is in the domain of T for each σ and T\E(a n )X is densely-defined and bounded. Also E(a n )X C3). For zE.% TE(a n )z = TE{a n )z = E(a n )fz.
Thus {J£(α n )z 0 TjB(α n )z} converges to 2 φ fz as n approaches oo, and z is in the domain of T. There is a general question about transitive algebras on Banach spaces which seems interesting. Given a Banach space X let %t(X) denote the Hermitian operators on X. The question is: if si is a transitive subalgebra of 35 (X) which contains 3€(X) must si be strongly dense? If X is Hubert space then %(X)+i%(X)= ®(X), so si is obviously Sδ(X). Corollary 10 shows that the answer to this question is affirmative if X is weakly complete and S3 (X) contains a cyclic operator whose powers are all Hermitian. In particular, the answer is affirmative when X is a separable L p (μ) space for 1 Sp < ». On the other hand, OPERATOR ALGEBRAS CONTAINING CYCLIC BOOLEAN ALGEBRAS 249 there are Banach spaces X with W(X) = {λI: λ E R} (cf. [5] ); on such spaces the above question reduces to the transitive algebra problem. We can answer the question in one other case. THEOREM 
If X is a C*-algebra and sέ is a transitive subalgebra of $β(X) which contains %!(X), then sέ is strongly dense.
Proof Right and left multiplication by a Hermitian element of X is in $f (X); (in fact, Sinclair [13] shows that Sίf(X) consists of sums of such operators and *-derivations when X is a C*-algebra). Since every member of X is the sum of a Hermitian member and / times a Hermitian member, sέ contains left and right multiplications by all elements of X. Hence the result follows from [12], (where it is observed to be a trivial consequence of the Rickart-Yood Theorem). Proof We follow the proof of the Hubert space case as given in [9] , beginning on page 181. An examination of this proof shows that it depends on the several properties of sέ which we now list and prove.
Reflexivity of algebras containing cyclic
(i) Every invariant subspace of sέ is the range of a projection in sέ.
Proof This follows from Theorem 6 above.
(ii) If T is any linear transformation commuting with sέ, then there is a projection P E sέ such that the domain of T is a dense subset of PX and T is a multiple of the identity on this domain.
Proof. The closure of the domain of T is invariant under sέ, so by (i) there is a projection P €Ξ sέ whose range is the closure of the domain of T. so the invariant subspace of sέ generated by x does not contain y. Hence the invariant subspaces of sέ generated by x and y are not comparable; this contradiction shows that T\PX is a multiple of the identity.
(iii) If P is a projection whose range is invariant under si, then sέ = {(I -P)A I (/ -P)X: A E si) satisfies the hypotheses of the theorem.
Proof. As shown above, (I -P)E.sέ and the restriction of the Boolean algebra to (/ -P)X is again <τ-complete. If x 0 is cyclic for the Boolean algebra then (/ -P)x 0 is cyclic for the restriction. Now si is clearly strongly closed. If M and M were noncomparable invariant subspaces of si, then PX + M and PX + M would be noncomparable invariant subspaces of sέ. Hence (iii) is proven.
Given (i), (ii), and (iii), the proof of the Hubert space case given on pages 181-183 of [9] can be followed verbatim.
The following example is given in [10] (and in [9] , p. 184) in the case p = 2. Proof. The operator M is scalar-type, and its resolution of the identity is cyclic and contained in the strongly closed algebra generated by M. Let sέ denote the strongly closed algebra generated by {V, M}. It is easily seen that the invariant subspaces of {V, M} are the subspaces of the form Proof. This can be shown by direct computations. Alternatively, let si denote the strongly closed algebra generated by D and W. Then the nontrivial invariant subspaces of sd are {M n } and si contains the σ-complete Boolean algebra consisting of the diagonal operators with diagonal elements 0 or 1. Hence Theorem 12 applies and si is reflexive.
Note that Example 14 also holds on the space c 0 . E. Azoff has suggested the following question. If si is a strongly closed subalgebra of 39 (X) and every invariant subspace of si has an invariant complement, must sέ be reflexive? An affirmative answer would obviously imply that every reductive algebra on Hubert space is self-adjoint; (cf. [9] , p. 167). The above technique might lead to an affirmative answer to Azoff's question in the case where sd contains a self-adjoint; (cf. [9] , p. 167). The above techniques might lead to an affirmative answer to Azoff's question in the case where si contains a cyclic Boolean algebra, (following the proof of and generalizing [11] ).
Note added in proof. The question of Azoff mentioned in the preceding paragraph has been shown to have an affirmative answer in the case where the algebra si contains a cyclic Boolean algebra. Also, Theorems 6, 7 and 8 hold when β is a Boolean algebra of multiplicity one in the sense of Bade. These results can be found in the author's 'On operator algebras containing cyclic Boolean algebras Π", J. London Math. Soc, to appear.
